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Abstract. Let H be a Hopf algebra over a field K of characteristic and let A be a bialgebra 
or Hopf algebra such that H is isomorphic to a sub-Hopf algebra of A and there is an //-bilinear 
coalgebra projection tt from A to H which splits the inclusion. Then A = R^^H where R 
is the pre-bialgebra of coinvariants. In this paper we study the deformations of A by an H- 
bilinear cocycle. If 7 is a cocycle for A, then 7 can be restricted to a cocycle for i?, and 
A"!" = iJTH:j^j H. As examples, we consider liftings of B(V)H^K\r\ where F is a finite abelian 
group, V is a quantum plane and BiV) is its Nichols algebra, and explicitly construct the cocycle 
which twists the Radford biproduct into the lifting. 
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1. Introduction 

Let A, H be Hopf algebras over a field K of characteristic and suppose that a : H A 
embeds 7J as a sub-Hopf algebra of A. If there is a Hopf algebra projection n : A ~^ H such that 



n o a is the identity, then A is isomorphic to a Radford biproduct Rj^H [Rad| of the algebra of 
co-invariants R = A'^"'^ and the Hopf algebra H. In this setting R is not a sub-Hopf algebra of A 
but is a Hopf algebra in the Yetter-Drinfeld category I^J^f. 

Suppose iJ is a Hopf algebra over K, A a bialgebra, a : H ^ A a bialgebra embedding and tt 
an iJ-bilinear coalgebra homomorphism from A to H that splits a. Then the 4-tuple {A, H, tt, cr) 
is called a splitting datum. If tt is an algebra homomorphism, then A is a Radford biproduct as 
above. More generally, A = R^/^^H, where R is the set of 7r-coinvariants and is a coalgebra in 



which is not a bialgebra but what was termed in [AMStej a pre-bialgebra with cocycle ^. If 



TT is only left i7-linear, then tt was called a weak projection by Schauenburg [Scha ; he showed that 
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bicrossproducts, double crossproducts and all quantized universal enveloping algebras are examples 
of this situation. 

\\ , we explore the relationship between the 
and the splitting datum (A^^H^TT^a) 



Using the machinery from [AMStcj, | AMStuj and 
associated pre-bialgebras for a splitting datum {A, H, tt, a) 
where is a cocycle deformation of A. Cocycle deformations of Hopf algebras arc of interest in 
the problem of the classification of Hopf algebras. In particular, it has recently been proved (see 
[GM, Theorem 4.3] and [Masl, Appendix]) that the families of finite-dimensional pointed Hopf 
algebras with the same associated graded Hopf algebra B{V)4/'K[T] classified by Andruskiewitsch 
and Schneider in [ASl] are cocycle deformations of a Radford biproduct. We define the notion of 
a cocycle twist for a pre-bialgebra {R, ^) and show that given a splitting datum as above, if is 
a cocycle twist of A then A'^ = W^-^I^^^H where is a cocycle twist of R. 

This paper is organized in the following way. In a preliminary section we first recall basic facts 
about coalgebras in the Yetter-Drinfeld category ^yT>, prove some key lemmas, and review the 
basic theory of pre-bialgebras with a cocycle in from [ |AMStc | and [AMStu], ending with some 
examples. In general a pre-bialgcbra with cocycle (i?, ^) docs not have associative multiplication 
for ^ nontrivial. In Section || we show that if R is co nnected, the sufficient conditions for (i?, ^) 
to have associative multiplication from Section 2.2.1 are also necessary. Section ^ contains the 
main results of this paper. Here we review the notion of a cocycle twist for a Hopf algebra A, 
and define cocycle twists for pre-bialgebras. We show that for (i?, ^) a pre-bialgcbra with cocycle 
associated to a splitting datum (A, iJ, tt, cr), then the set of i?-bilinear cocycles on A is in one- 
one correspondence with the left /J-linear cocycles on R. Furthermore, a cocycle twist of A, say 
^7 ^ [Rzfjz^H)'^ , is isomorphic to R^'^^^^H where 7^ is the cocycle on i?® i? corresponding to the 
cocycle 7 for A and {R'"^,^j) is the pre-bialgebra with cocycle corresponding to A^ . In Section 
^, we explicitly describe the cocycle which twists the Radford product B{V)#K[r] of the group 
algebra of a finite abelian group and the Nichols algebra of a quantum plane to the liftings of 
this pointed Hopf algebra. Examples include the three families of non-isomorphic pointed Hopf 
algebras of dimension 32 described in ]^ and the pointed Hopf algebras of dimension 81 which 
were among the first counterexamples to Kaplansky's Tenth Conjecture. 

Throughout H will denote a Hopf algebra over a field K. All maps are assumed to be over K. 
We assume for simplicity of the exposition that our ground field K has characteristic zero. Anyway 
we point out that many results below are valid under weaker hypotheses. 



2. Preliminaries 

We will use the Heyneman-Swcedlcr notation for the comultiplication in a /\-coalgebra C but 
with the summation sign omitted, namely A(a;) = xji) ®a;(2) for x £ C. For C a coalgcbra and A an 
algebra the convolution multiplication in Hom(C, A) will be denoted *. Composition of functions 
will be denoted by o or possibly by juxtaposition when the meaning is clear. 

A Hopf algebra _ff is a left i7-module under the adjoint action h ^ m = h(^i^mS{h(^2)) has 
a similar right adjoint action. Recall [AMStc, Definition 2.7] that a left and right integral A £ H* 
for H is called ad- invariant if A(l) = 1 and A is a left and right _ff-module map with respect to 
the left and right adjoint actions. If H is semisimple and coscmisimple, then the total integral for 
H is ad-invariant; see either |SvO, Proposition 1.12, b)] or | AMStc, Theorem 2.27]. If H has an 
ad-invariant integral, then H is cosemisimple. 



We assume familiarity with the general theory of Hopf algebras; good references are |Sw]. [Mo 



2.1. Coalgebras in a category of Yetter-Drinfeld modules. Let H he a Hopf algebra over 
K. Coalgebras in |^3^2?, the category of left-left Yetter-Drinfeld modules over H, will play a central 
role in this paper. For (V, •) a left i7-module, we write hv for h ■ v, the action of h on v, if the 
meaning is clear. The left i7- module H with the left adjoint action is denoted {H, -^); the left and 
right actions oi H on H induced by multiplication will be denoted by juxtaposition. For {V, p) a 
left i/-comodule, for f G ^ we write p{v) ~ ^'(-i) ® i^{o) for the coaction. Recall that if 1/ is a left 
iJ-modulc and a left i7-coniodule, then V is an object in if for all u G T^, ft. G i? , 

p{h ■ v) = /i(i)U(_i)S'(/i(3)) ® h(2) ■ '^(o)- 
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The field if is a left-left Yetter-Drinfeld module with p(l) = l(g)l and trivial left H action. As well, 
(iJ, ^, A//) is a left-left Yetter-Drinfeld module. If V, W are objects in f 3^2?, soiaV®W with H 
action given by h{r ®t) = h(^i^)r ® h(2)t, and ff-coaction given by p{r ®t) = 7-(_i)t(_i) ® ti^q^ ® tii^^ 
for a\\r (lV,teW,h^H. A map / £ Hom(y, W) is called (left) 7?-linear if f{h-v) = h- f{v), 
for all /i S i7, w G V. For example / G llom{V,K) is left iJ-linear if f{h ■ v) — £{h)f{v) and 
/ G Hom(l/,i7) is left iJ-linear if f{h ■ v) = /i(i)/(i;)S'(/i(2)). The category is braided with 

braiding cy.w ■ V ^ W (E)V given by cv,iy(^^ (g) w) = W(_i)W (g) u^g)- 

For C a coalgcbra in ^yT>, we use a modified version of the Hcyneman-Sweedler notation, 
writing superscripts instead of subscripts, so that comultiplication is written 

Ac{x) = A{x) = x^^^ (g) x'''^\ for every x £ C. 

If C and D arc coalgebras in ^^^^ i'' C0D defined as follows. As a Yetter-Drinfeld module, 
C^D = C ® D with iJ-action and coaction as described above. The counit is ec®D ~ ec ® £d 
and the comultiplication is Ac®_d ~ [C ® cc^d ® D) o (Ac ® Ao) , so that 

Ac^D{x®y) = (x(i)®x5!.\^2/W)®(a:;g(gy(2))^ 
Ac^D^E {x®y®z) = (x^i) ® xf^^^y^^'' ® xf]^^yf\^z^^'>) (g) (xgj (g) j/gj (g z^^)). 

When it is clear from the context (and from the superscript versus subscript notation) ® is written 
simply as g). 

For a i^T-coalgebra C and a map uc '■ K C, the coalgebra (C, uc) is called coaugmented if 
1(7 uc(lif ) is a grouplike element. For C a coalgebra in ^yD, then uc is also required to be a 
map in the Yetter-Drinfeld category, i.e., for all h £ H, 

(1) h-lc = £H{h)lc and pc(lc) = 1// ® Ic- 

A coaugmented coalgebra C is called connected if Cq = KIq- 

The next definitions and lemmas will be key in later computations. 

Definition 2.1. For M a left if-comodule, define * : IIom(A/,A') Uom"-^ {M,H), the left 
iJ-comodule maps from M to by 

«<(«) = {H(g)a) pM- 

Remark 2.2. Let f : M L he a morphism of left iJ-comodules and a G Hom(i,ii'). Then 
^ (a) o / = vj/ (a o /) . To see this, let m G M and then 

(*(a) o f){m) = ■^{a){f{m)) = /(m)(_i)a(/(7n)^o)) = ™(-^i)«(/(m(o))) = ^'(a o /)(m). 

Lemma 2.3. for C a left H-comodule coalgebra, ^ : Hom(C, A') — > Hom^'^ {C,H) is an algebra 
isomorphism. 

Proof. Let ^dJl denote the monoidal category of left iJ-comodules. Then the functor (— ) (g) H : 
Vec (K) — > ^dJfl is right adjoint to the forgetful functor. The canonical isomorphism defining the 
adjunction yields Explicitly, let a, /3 G Hom(C, AT) and let z G C. We have 

[* (a) **(/?)] (z) = [{H®a)pc]*[{H®p)pc]iz) 

= {H ^ a) PC [z^^^) [{H 13) pc] {^z^^'^) 

(-1)" 1,^(0)^ ^{~i)P \^{o)) 



Z; 



,(1) ^(2) «f.(2)' 



Z(_i)a 



= Z(_i)(a*/3)(z<o)) =*(a*/3)(2) 
and also 4' (ec) (z) = {H g) ec) pc = uhSc- Thus ^ is an algebra homomorphism. 
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For a G Horn (C, K), then 4' (a) is a morphism in ^9JT since 
Aff * (q) (z) = '^^h {z{-i)) a (z(o)) = ^ 2;(_2) ® (z(o)) = ^ Z(„i) ® ^ (z(o)) . 

Finally, the composition inverse of ^ is where 5*^^ (tr) := Ei/cr. □ 

Remark 2.4. (i) Let (C, Ac, ec, uc) be a coaugmented connected coalgebra, A an algebra and 
f : C ^ A a map such that /(Ic) = 1a, i-e., / = ua£c on the coradical of C. Then by |Mc| , 
Lemma 5.2.10], / is convolution invertible with inverse X]ti=o 7" where 7 = uaSc — /• Then since 
ryn+i _ Q Qj-^ Q^^^ jg g^jgp -(-j-^g ^Yia,t J-1 = u^ep on Cq. 

(ii) For C a left i?-module coalgebra and v : C —?' K convolution invertible, then v is left 
iJ-linear if and only if t;~^ is. For suppose v is left iJ-linear. Then 

v-\hz) = u-i(/iz(i))u(z(2))^;-i(^(3)) ^ v~\\,)z'^^^)vih^2)z'^''^)v~\z^^^) = £h ih) v-^ (z) , 

and so is left iJ- linear also. □ 



The next condition is part of the definition of a cocycle ^ for a pre-bialgebra | AMStu] (see 



Section 2.2.1 ) but makes sense for any coalgebra C in ^yD. 



Definition 2.5. Let C be a coalgebra in '^yV and a e Hom(C, H). Then we say that a is a dual 
normalized Sweedler 1-cocycle if A/fa = {mu ® a){a ® pc)^c ^md euct = Sc- Thus for x £ C, 

(2) a(.T)(i) (g) a(a;)(2) = (8) a(a;*^^(o)) and e}i{a{x)) = £c[x). 

If a : C — >■ if is a dual normalized Sweedler 1-cocycle, then a is convolution invertible and its 
inverse can be described explicitly. 

Proposition 2.6. Let C he a coalgehra in '^yV and let a : C ^ H satisfy (Qj. Then a' is the 
convolution inverse of a where 

a' :~ mn o {H ® Sh o a) o pQ. 

Proof. For any x S C, we have 

a * a'{x) = a(x(i))a'(x(2)) = a{x(^y)xf\^SH{a{x^§^)) ^ a{x)(^)SH{a{x)^^)) 
= £h ° a{x) § uh o £c{x), and 
a'*a{x) = a'(x-(i))a(a;(2)) ==a;5i\^5H(a(.T5oJ))a(a;(2)) 

= .T(_i)5H((a;|o!)(_i))5i/(a(x|Qh)a((x|^h(o)) 



" (0) ( - 1) '"^-W V" v-^ (0) " V v-^ (0) ^ 



X(_i)5H[a(a;^„P(a;|„P(_i)]a((a;^„P(o)) 



.T(_i)5H(a(a;(o))(i))a(a;(o))(2) 
= .T(_i)e_f/(a(a;(o)) = a;(_i)£c'(a;(o)) 
= Ui/oec(a;). 

Thus a' is the convolution inverse of a as claimed. □ 

The next definition/ lemma will be useful in upcoming computations. 
Lemma 2.7. Let C he a coalgehra and let (A/, /i) he a left H -module. Define 

$ : Hom (C, H) End (C ® M) hy $ [a) := [C ® (Im) [{C ® a) Ac ® M] , 
for a G Hom(C, ii). T/ie map $ is an algehra homomorphism. 
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Proof. By definition, 

^{a){x (g) m) = a;(i) (X) q;(x(2))™ for x E C,m G M. 
Then for a, /3 G Horn (C, i?), 

(<I>(q;) o ® to) = $(q!) ® /3(a;(2))TO) = (g) a(a;(2))/3(a;(3))TO 

= ® {a* l3){x(2))Tn = $(a * (i){x ® m), 

and 

o ec){x (g) m) = a;(i) {uh ° £c){x{2))m = x®m.. 

□ 

Remark 2.8. Note that $(a) = Idp^M if and only if the action of a{C) on M is trivial For if 
X ® m = X(i-) ® a(a;(2))TO, apply £c to the left hand tensorand to see that a{C) acts trivially on 
M . The converse is obvious. □ 

2.2. Pre-bialgebras with cocycle. In this section, we recall the notion of a pre-bialgebra with 
cocycle in ^yT> and explain how a pre-bialgebra with cocycle is associated to a splitting datum. 
Throughout this section, H will denote a Hopf algebra over K. 



Definition 2.9. (cf. []AM| , Definition 1.8]) A splitting datum [A, H, tt, a) consists of a bialgebra 
A, a bialgebra homomorphism a : H ^ A and an i?-bilinear coalgebra homomorphisni n : A ^ H 
such that TTd = Id//. Note that _ff-bilincar here means 7r{a{h)x(j{h')) = h7r{x)h' for all h,h' E H 
and X G A. We say that a splitting datum is trivial whenever tt is a bialgebra homomorphism. 

Example 2.10. Let H he a. Hopf algebra and let A = R#H be the usual Radford biproduct of a 
bialgebra R in f J^P and H. Let a : H ^ A, a{h) = 1h#/i, and let tt : A i/, 7r(r#/i) = renih). 
Then (A, i7, tt, cr) is a trivial splitting datum. Conversely, for A a Hopf algebra, if {A, H, tt, cr) 
is a trivial splitting datum, then A is isomorphic to a Radford biproduct or bosonization of H 
(identified with (t{H)) and the X-algebra R of 7r-coinvariants, a Hopf algebra in the category 

If TT is not an algebra map, then R = {x G A\{A (g) 7r)A(a::) = x need not be a Hopf algebra 
in but instead will be a pre-bialgebra with a cocycle in ^yD. 



2.2.1. Definition of a pre-bialgebra and a pre-bialgebra with cocycle. Following [AMStu, Definition 
2.3, Definitions 3.1], we define the following. A pre-bialgebra R = (i?, m/j, u_r, A^j, Efl) in is 
a coaugmented coalgebra (i?, A/j, e^, it/f) in the category together with a left i7-linear map 

TOjj : R® R ^ R such that to^j is a coalgebra homomorphism, i.e, 

(3) lS.Fim.R^ {mR®mii)/^R®R and SRmR = mK{eR® Er), 
and ur is a unit for itir, i.e., 

(4) mR{R®UR) = R = mR{uR® R). 

When clear from the context, the subscript R on the structure maps above is omitted. 
Essentially a pre-bialgebra differs from a bialgebra in ^yV in that the multiplication need 



not be associative and need not be a morphism of i7-comodules, see Example 3.4. 

A pre-bialgebra with cocycle in is a pair (i?, ^) where R = (i?, to, u, A, e) is a pre-bialgebra 

in ^yV and f :C = R(S^R^H is a normalized dual Sweedler 1-cocycle (||), left i7-linear with 
respect to the left adjoint action of H on H, and, for all r,s G R and h G H, the following hold: 

(5) CRM{m O^R(SR ("iff ® "T-i?)(C PR0r)Ar0b:, 

(6) TOii(i? (g) TOij) = TOH(i? /Xij)[(m/? ® O^RiSR (^R]= rnRiruR ® i?)$(0; 
(7) 

TO//(^ (g) i^)[-R ® {niR ^)A;j^j^] — itih{(, ® H){R ® c//^ij)[(TOij (g) ^)Aij^ij g) i?]; 
(8) ^(i?g)u) = ^(Mg)i?) = el//. 
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By definition [AM], a map / : {{R,m,u,S,e) -> {{R' ,m' ,u' ,S' ,e'),^') of pre-bialgebras witli 
a cocycle in |f 3^2?, is a niorphism of pre-bialgebras with cocycle if / is a coalgebra homoniorphism 
/ : {R, S, e) (i?', S', e') in the category {^yV, ®, K) such that 

/ o 771 = m' o (/ /) , f ou ~ u' and ° {f ® f) = 



Remark 2.11. In (g) the map $ from Lemma |j is used with C ^ R® R and M = R. Tlius if 
$(^) is the identity, or, equivalently, if ^(i?® R) Q H acts trivially on R, then to/; is associative. 
We will see in Section || that if R is connected, the converse holds. □ 

Let (i?, ^) be a pre-bialgebra with cocycle in ^yV. Since ^ : C = R® R ^ H is a dual Sweedler 
1-cocycle, by Proposition ^.6| , ^ is convolution invertible with convolution inverse 

(9) = mH o {H (g, Sh o ° PB.(SR- 

Thus equation (j^ is equivalent to: 

niji o (m/f ® R) = mji o (i? ® m^^) o $ (^~"^) ■ 



If, as well, R, and thus R ® R is connected, since C(1_r®_r) = ^//(lif), by Remark p.4K i) with 
C — R® R and A ~ H, then another form for is 



■"^ — ^n— 



2.2.2. T/ie splitting datum associated to a pre-bialgebra with cocycle. To every (i?, we can asso- 
ciate a splitting datum {A := R^^H, H, tt, ct) where the bialgebra R^j^^H is constructed as follows 



(see I AMSte , Theorem 3.62] and [AMStu, Definitions 3.1] ). As a vector space, A = R ® H with 
coalgebra and algebra structures given below. 

Let r,s € R, h, h' £ H. The coalgebra structures are ea (rH^h) = er (r) eh (h), and 

(10) {r#h) = r(i)#rj^\^/i(i) ® rg;#/i(2), where An{r) = r^) ® rf^). 

In other words, as a coalgebra, A is the smash coproduct of R and i/. 
For future calculations, we note: 

(11) A^(r#l^) = r(i)#rf_\^®rgj#lff 

(12) Ai(r#l^) = r(^^#rf\/^%^®r\l]i^r\%®r^^li^lH. 

The unit is Myi(l) = Ini^i-H ^iiid the multiplication is given by 

mA = {R® mn) [{rriR ® '^RSsR ® ^h] {R ® ch,r ® H) 
so that for r,s G R, h, h' G H, 

(13) ruAir^h ® s#h') = mn{r^''^ ® rf\^{hiiysY'^)M{rfol ® {h^i)sY''>)h^,)h' . 



Using the map $ from Lemma 2.7 with C ^ R® R and AI ~ {H, mn), we write: 
mR^^H = {mR®mH)o{<^{^)®H)o{R®CH.R®H) 

(14) = {mB.®H)o<P{^)o{R®R®mH)o{R®CHM®H). 

Here, unless ^(i? ® R) = K, the action of ^(i? ® i?) will not be trivial and $(0 will not be the 
identity. It will be useful to have the following formulas: 

(15) {R® EH)mA{r#h® sit^h') mR{r ® hs)E{h')\ 

(16) {er® H)mA{r4h® s#h') = £,{r ® h(i)s)h(2)h' . 

Note that the canonical injection a : H ^ R^^H is a bialgebra homomorphism. Furthermore 

TT : R#^H H ■ r#h i — > e (r) h 
is an iJ-bilinear coalgebra retraction of a. 
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2.2.3. The pre-bialgebra with cocycle associated to a splitting datum. Suppose that {A, H, tt, cr) is a 
splitting datum. In this subsection we describe {R, ^) , the associated pre-bialgebra with cocycle in 
^3^2? [AMStu, Definitions 3.2]. As when tt is a bialgebra morphism and A is a Radford biproduct, 
set 

R A''"" = {ae A \ 0(1) ® TT (a(2)) = a 1^} , 

and let 

T : A ^ R, T {a) = a(^i)aSTi (a(2)) • 
Define a left-left Yetter-Drinfcld structure on R by 

h-r^hr^a raSn (/i(i)) , p (r) = tt (r(i) 

and define a coalgebra structure in |f 3^2? on R by 

(17) Anir) = r'^' ® r^^) = r(i)crS'7r(r(2)) ® r(3) = r (r(i)) ® r(2), 

The map 

uj : R^ H ^ A, w(r (g) /i) = r(T(/i) 
is an isomorphism of A'- vector spaces, the inverse being defined by 

oj^^ : A ^ R® H, uj~^{a) ~ a(i)crS'i/7r (a(2)) ® tt (a(3)) = r (a(i)) ® tt (a(2)) ■ 

Clearly A defines, via w, a bialgebra structure on R (x) H that will depend on a and tt. As shown 
in l^clia] , 6.1] and [ AMSte , Theorem 3.64], (i?, m, u, A, e) is a pre-bialgebra in with cocycle ^ 

where the maps u : K R and m : R ® R R, are defined by 



u = u'^, m{r ®s) = r(i)S(i)crS'7r(r(2)S(2)) = t (r s) 
and the cocycle ^ : R(E} R ^ H is the map defined by 

^(r ® s) = 7r(r s). 

Then (i?, ^) is the pre-bialgebra with cocycle in associated to {A, H,tt, a). 

We note that the map r above is a surjective coalgebra homomorphism and satisfies the following 
where a e A,h e H and r,s e R. ||AMStu| , Proposition 3.4]: 

T [aa {h)] = T (a) en [h] , t [c {h) o] ~ h ■ t {a) , 

r-RS = T[r-As), T [a) -B^T {b) = t[t {a) -Ab]. 

Note that h ■ r = t {<t (h) r) for aU h e H,r e R. 

2.2.4. T/ie correspondence between splitting data and pre-bialgebras with cocycle. If we start with 
a splitting datum (A, iJ, tt, cr), and construct (i?, ^) as in Section 2.2.3 , and then construct the 
splitting datum {R^^H, H,TT,a-) associated to (i?, ^) as in Sectioii ^.2.2 , then (cf. [ Scha , 6.1]) 
u : R^^H A is a bialgebra isomorphism. 

Conversely, we start with a pre-bialgebra with cocycle (R, ^) in and construct the splitting 

datum {R^^H, H, tt, cr) 

a -.H ^ R#^H and tt : R#^H H 

as in Section [2.2.2 . Then {R^^Hy°^ = Rj^ K and so the pre-bialgebra in ^yV associated to 
{R^^H, H, TT, a) constructed in Section 2.2.3 is R(^ K which is isomorphic to i? as a coalgebra 
in ^yV via the map 9 : R® K ^ R where 0{r ®l) = r. The corresponding cocycle is where 

=^ {9 ® 0). Clearly 9 induces an isomorphism of pre-bialgebras with cocycle between [R ® K, 
and {R, ^) . 

In this situation we note that r : (RH^^H) — > [Rjj^^HY"'^ is given by i? ® £. For we have that 



T{r#h) 



® (rW#r;!\^/.(i))a5.(rg;#/.(2)) 
= (r(i)#rf_\^/.(i))a5(/.(2))e(rg;) 
- r#e{h). 
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3. Associativity of (R,^) 

In general, the multiplication in a prc-bialgcbra R associated to a splitting datum {A, H, tt, <t) 
need not be associative. It was noted in the previous section that to^ is associative if Vl'(^) is the 
identity, or, equivalently, if ^{R ® R) C H acts trivially on R. First we consider some examples, 
and then show that the converse statement holds if R is connected. 

Example 3.1. Thin pre-bialgebras A pre-bialgebra R is called thin if R is connected and the 



space of primitives of R is also one-dimensional. By |AMStu, Theorem 3.14], a finite dimensional 
thin pre-bialgebra (i?, ^) has associative multiplication, even for nontrivial but need not be a 
bialgebra in ^yV by [ j^ . Example 6.4]. 

For r a finite abelian group, V G p3^I? (where we write for IfD^I? with H = -Fl'[r]), and 

B{V) the Nichols algebra of V, then all Hopf algebras whose associated graded Hopf algebra is 
B{V)^K[r], called the liftings of B{V)^K[r], are well-known if ^ is a quantum linear space. 
Recall that for g ^ G and x £ T, is the set oi v £ V such that p{v) = ® 'U(o) = g ®v and 
h ■ V = for all h G G. 

Definition 3.2. V = (Bl^^^Kvi G ^yD with ^ u,; G V^^' with G F, G F is called a quantum 
linear space when 

Xi{9j)Xj{9i) = 1 for i ^ j and Xi{9i) is a primitive ri^/i root of 1, > 1. 



The following is proved in [AS2] or |BDG 



Proposition 3.3. For V a quantum linear space with Xi(,9i) o, primitive r.ith root of 1, all liftings 
A := A{ai, aij\l < i,j < t) of B{V)^K[T] are Hopf algebras generated by the grouplikes and by 
(I, gi) -primitives xt, 1 < i < t where 

hxi = Xi{h)xih\ 

xl' = a^{l- gl') where a, = if gl' = 1 or x? ^ e; 
XiXj = X]{9i)xjXi + fly (1 - gigj) where aij = 1/3,5^ = 1 or XiXj 7^ £• 



One sees directly from Proposition 3.3 that Oji — -~Xj{9i) ^^ij ~ ^Xi{9j)'^ij- By rescaling, we 
may assume that the are or 1. 



Example 3.4. Using the notation of Proposition 3.5, let A :— 74(01,02,012 = o) be a nontrivial 
lifting of B{V)^K[r] where V = Kxi(BKx2 is a quantum plane as above. Then A has PBW basis 
{gx\x2\g G F, < i,j < r — 1}, and the map tt : A ^ H = K[T] defined by Tr{gx\x2) = 6o^i+jg 
is an i^-bilinear coalgebra homomorphism that splits the inclusion H ^ A. Thus {A, H, tt, i) is 
a splitting datum and so A = Rfj^^H for some pre-bialgebra with cocycle {R,£,). Since R — A'^"'^ 
then R has i^T-basis {xiXajO < i, j < r — 1}. In general, (i?, ^) is not associative. 

The next example shows that for A ~ A{1, l,o) as above, with r > 2, there is no choice of an 
iJ-bilincar projection tt splitting the inclusion which will make the associated pre-bialgebra (i?, ^) 
associative. 



Example 3.5. Let A := A(l,l,o) be the Hopf algebra described in Proposition 3.3 with t = 2, 
oi = 02 = 1, 012 = o 7^ and r := ri = r2 > 2. Then xi = X2^^, and 1 = Xi(52)x2(3i) implies 
that Xi(ffi) ~ X2{92)^^- Let q denote Xi(3i)- Then a;2a;i = qxiX2 + a(l — ffiff2)- Wc show that 
there is no iJ-bilinear coalgebra morphism tt : yl — > A'[F] = H splitting the inclusion a such that 
R = A'^°'^ is associative. The proof is by contradiction. 

Suppose that tt is such a morphism and R = A'^°^ is associative. Then since 171 is an invertible 
element, and 

gMx^x^) = ^(.gix?.T™) = g"— 7r(x>rgi) = g"-'"7r(a;>^),9i = g"-"',9i7r(x>r), 

then 

(18) 7r(x>^') = if n 7^ m, and < n, m < r - 1. 



COCYCLE DEFORMATIONS 



9 



Next note that ii tt : A ^ H is a.s above, and if tt{x\x2) = for all < i + j < u + v, 
then Tr{xiX2) = /3u,ii(5i52 ~ 1)5 '"'(^1^2) is (1, g"(72)"Pi'™itive. For by the quantum binomial 
theorem [^, for scalars 

{XiX2)= 9^92® X-yX2+X-^X2® I + 2_^Q<i<u.G<j<v.^kl', 3)91X1 92X2 ' ® X^xi^ 

0<i+j<u+v 

and applying tt ® tt to this expression, we obtain that 

A(7r K.T^)) = 5^32^ ® ^Kx^) + ^«.T^) ® 1. 

Using this argument with < i + j = 1 yields tt{xiX2) — P{9i92 — 1) for some scalar /3. We now 
test associativity on xi , a;2 , 2:2 . First we have that 

X1-RX2 = t[xiX2) ^ gig2<j{SH{'n{xiX2))) +Q + Q + X1X2 

= ^.9i52( (51,92)"^ - 1) + 2^12:^2 = X1X2 - I3{gig2 - 1), 

so that 

{Xi -fl, X2) -R X2 = t{xxX2X2 - ^(5l.92 " 1)2:2) = ^{xixX) - /3(g"^ - 1)X2. 

On the other hand, since by (^, 'n{x2) = T^ixl^j = 0, then 

X2 ■rX2 = t{x\) ^ xl, 

and thus 

Xl -R {X2 -R X2) = Xl -R xl = t{xixI). 
If R is associative then these expressions must be equal and thus P ~ Q. Now consider multiplication 
in R of the elements X2, Xi, Xi. First we compute 

X2 -R Xl = t{x2Xi) = T{qxiX2 + a{gig2 - 1)) = qT{xiX2) = qxiX2 since /3 = 0. 
Thus (x2 -R Xl) -R Xl — T{qxiX2Xi). On the other hand 

X2 -R {xi -R Xl) = X2 -R xl = t{x2xI) 

= T{qxiX2Xi + a(l - gig2)xi) = T(gxiX2Xi) + a(g^ - l)xi. 
This contradicts the choice of a 7^ 0. □ 

Remark 3.6. In the above example, it is key that r > 2 and xf 7^ 0. In the examples of dimension 
32 in Section H, R is not thin, ^ is nontrivial, but is a bialgebra in since the image of ^ lies 

in the centre of A. 



We now prove the converse to the observation in Remark |2.11| in the case that R is connected. 

Theorem 3.7. Let {R,£,) be a pre-bialgebra with cocycle in ^yD. If R is connected, then the 
following are equivalent. 

(i) mR is associative. 

(ii) ^{z)t = e (z) t, for every z £ R® R,t e R. 

(iii) $ (C) = Idfl»3 . 



Proof. By Remark 2.8 and Remark 2.11 it remains only to show that (i) implies (ii), i.e., to prove 
that if mR is associative, then 

(19) ^{r C$1 s)t — er (r) er (s) t, for every r, s, t G R. 

The argument is by induction on u + w where r G Ru and s G Ry. For u + w = 0, 1, then either 
u = OT V = and by (||), t here is nothing to show. 

Since R is connected, by [Mo, Lemma 5.3.2, 2)], for every n > and r G i?„ there exists a finite 
set / and r^, r' G i?n-i, for every i G /, such that 

A(r) = Ifl ®r + r® Ifl + V «) r\ 

and thus 

(20) = -£Wi^ = E.,^«(^»)''^- 
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Recall that by (|l] 

Suppose that the statement holds for u + v — 1 and let r £ i?„ with comultiplication as above 
and s G Rv with A_r (s) = 1_r s + s (g) 1^, + *i ® Let us compute r -ij s. We have 



(1) 



(2) 



(0) 



= (2) 



(0) 



= (2) 



= r -R s#1h 4 

= r-RS#lH-{ 
so that 

(r#lH) (.s#1h) = 



r^_^lRM (r(o> (8)s) + 
+r(_i)S#^ (r(o> <»1r) + 

(r(»s) + 
+eR{r)s#lH+ 



E^e/ ('^' ® ^) + 

+ Ej|/'^« -J? (i-i>«j) ( 



(0) 



r -R s#1h + IrM ir®s) + E,g/ nM {r' ® s) + 



Note that (R ® eh) ) (s#ft.)] = r (i? e^) (s#/i) so that 

{R ej/) [(r#lH) ) (t#lH)] = r (i? ® e^) ) (t#lH)] = r -r {s -r t) 

Then, we have 

= r ■R{s-Rt) - {r -rs) -Rt 

= {R® eh) imH)] -{R® en) [{r -r s^\h) (^#1^)] 

= {R® eh) - r -r s#1h] 

(IrM ir®s))imH) + 
+ E^eI {r'®s)]{t#lH)- 



= iR®eH) 



Eie/ 



Ti -R [r^_^f. 



The first term in this sum is clearly ^(r s)t and it remains to show that the other terms add 
to -eR{r)eR{s)t. 

Since r* £ Ru-i, the second term in the sum above is 



(0) 



E'^i 'R r{^^)^ r{s)'^) by the induction hypothesis 



-£R{r)eR{s)t 
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A similar computation shows that {R^£H){J2jej (''(o) ® s^)] = —£R{T)eR{s)t 

and that {R® eH)i^iei^ n -r #^ (^'(o) ® ^■') (^#1^)) = <£R{r)£R{s)t so that 

= ^ (r s) < - efl (r) (s) t-SR (r) e_R (s) i + eh {r) Eh {s) t ^ £, {r ® s) t ~ er (r) eh (s) t 
and the proof is finished. □ 

4. COCYCLE DEFORMATIONS OF SPLITTING DATA 

Let {A, H,TT, a) be a sphtting datum with associated pre-bialgebra with cocycle {R,£,). In this 
section, we extend the notion of a cocycle deformation of ^ to a cocycle deformation of R and show 
how these are related. For F a finite abelian group, V a cross ed fc [F] module and A = B{V)ifK[r], 
then the results we present should be compared to those in [ GM , Section 4] 

Recall that if A is a bialgebra, a convolution invertible map 7 : A eg) A ^ A' is called a unital 
(or normalized) 2-cocycle for A when for all x,y, z ^ A, 

(21) 7(2/(1) 7(2;® ?/(2)2:(2)) = 7 (a;(i) ® 2/(1)) 7 (2^(2)2/(2) 'X'z) , 

(22) 7(x®l) = 7(1 x) = £A(a;). 
Note that (^l]) holds for all x, y, z G A if and only if 

{ea ® 7) * ^{A ® niA) = (7 (X) ea) * jifTiA A). 

For a bialgebra A with a subHopf algebra H, we denote by Zjj (A, K) the space of i7-bilinear 
2-cocycles for A, i.e., the set of cocycles as defined above which are also iJ-bilinear. li H = K we 
write Z'^{A, K) instead of Z'jj{A, K). 

One may deform or twist A by any 7 G Z'^{A, K) to get a new bialgebra A'''. (See, for example, 
[ Dpi , Theorem 1.6].) As a coalgebra, A'' ~ A. but the multiplication in A'' is given by 

X --^y = X -A-i y ■= 1 {X(i) ® 2/(1)) X(2)y{2)l~^ ® 2/(3)) , 

for all x,y a A. By (p2|), A''' has unit lyi and condition ( ^l]) implies that the multiplication in 
A'^ is associativ e if a nd only if the multiplication in A is associative. If A is a Hopf algebra with 
antipode S, by |Doi, 1.6(a5)] then 7(a;(i) ® S[xi^2)))l^^ [S[xi^'i)) ® X(4)) = e{x), so that A'^ is also 
a Hopf algebra with antipode given by 

S^{x) = 7(a;(i) ® S'(a::(2)))S'(x(3))7~^(S'(x(4)) ® X(5)). 
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By |Doi, 1.6(a3)], 7 ^ is a cocycle for A'^°p and, as algebras. A'' — {A 

Definition 4.1. Let A be a bialgebra and let (3,^ : A ® A ^ K he i^-bihnear maps. Denote by 
pA^f the vector space A endowed with the following not necessarily associative multiplication 

X -pA^ y = I3{x(i) ® y(i))x(2)y(2)l{xci) ® y(^3)), for aU x,y e A. 

Remark 4.2. For A,^,(3 as above, if 7 = ea^a, then we denote pA^ simply by 13A. The multi- 
plication of pA is just denoted by *p where x *p y = /3(a;(i) (g) y(i))x(2)y(2)- Then (3 satisfies ( |2l| ) 
and ( p^ ) if and only if [A, *^) is an associative algebra with 1a = I^a,*^)- The condition on 1^^ is 
equivalent to (|2^). The associativity statement follows from computing 

{x *i3 y)*p /3(x(i) (g) y(i))/3(x(2)y(2) <E) Z(i))x(3)y(3)Z(2) 
= [(/3 (g) e^) * PiruA (g A)]{x(^i) (g) y(i) Z(i))x(2)y(2)2:(2) 

and 

X *;3 (y */3 ^) = /3(y(i) ® z(i))/3(x(i) (g) y(2)2;(2))a;(2)y(3)^(3) 

= [{ea g) /3) * /3(A ® TOA)](a;(i) g) y(i) ® 2:(i))a;(2)y(2)2:(2) 

Thus clearly if /3 satisfies (^), then *^ is an associative operation, and, applying e to the expressions 
above, we see that the converse holds. 

Similarly, if /? = ea^a, we denote A-y := pA^. The multiplication of A-y will be simply denoted 
by so that it is defined by x y — X(i)y(i)7(x(2) ® 2/(2))- Then is an associative operation if 
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and only if 7 satisfies (|T|) for A''°p. Then if A is a bialgebra, 7 satisfies (|l]) and ^ for if 
and only if A-y := (A, *'*') is associative with unit \a- 

Observe that, for 7 e Z^{A, K), one has A'^ = ^A^-i as an algebra. □ 

The next lemma will be useful in building examples in the last section of this paper. 

Lemma 4.3. For A a bialgebra, let : A (x) A ^ K be K -bilinear convolution invertible maps. 
Suppose that pA-y is an associative unitary algebra. Then /3 £ Z'^{A,K) if and only if G 
Z^iA,K). 

Proof. For any /^T-bilinear map a : A 1^ A K, wc define maps X{a), Y{a) : A® A(^ A ^ K hy 

X (a) {a <SS) b ig) c) := (T(a(i) (g) 6(i))cr(a(2)6(2) ® c), 
y (cr) (a (g) 6 (X) c) := cr(6(i) (g) C(i))(T(a (g) 6(2)C(2)), 

for all a, 6, c G A. Thus cr satisfies ( pT[ ) if and only if X (c) = y (cr) . We have 

= (/3(a(i) ® 6(i))a(2)6(2)7(a(3) ® &(3))) v^-, c 

= /3(a(i) (g) 6(i))/3(a(2)6(2) ® C(i))a(3)6(3)C(2)7(a(4)&(4) g) C(3))7(a(5) g) 6(5)) 
= X(^) (a(i) g)6(i) g)C(i)) a(2)6(2)C(2) (7"^)] ^ (a(3) ® ^3) C(3)) , 

and 

a VA., >A., c) 

= a >A., (^(6(1) ® C(i))6(2)C(2)7(^(3) ® C(3))) 

= /3(&(i) ® C(i))/3(a(i) g) 6(2)C(2))a(2)6(3)C(3)7(a(3) g) fe(4)C(4))7(^(5) ^ C(5)) 

= F(/3) (a(i) g)6(i) g) C(i)) a(2)6(2)C(2) [F (7"^)] ^ (a(3) ^3) C(3)) 

where [X (7"^)] and \Y (7"^)] denote the convolution inverses of X (7-1) and Y (7-1) 
respectively. Since (a ■ ^a., b) -^a^ c = a -^^^ (6 -^a^ c), by applying ea to both sides we obtain 

x(/3)*[x (7-i)]-^ = y(/3)*[y (7-1)]-^ 

that is, 

[X (/3r 1 * y (/?) = [X (7-1)] r (7-') . 

It is now clear that /3 satisfies ( ^T| ) if and only if 7^^ does. 
We have 

6=1 -^A^ b = /3(l(i) g) 6(i))l(2)&(2)7(l(3) ® ^3)) 

so that 

6 = /3(lg)6(i))5(2)7(l<gfo(3))- 
By applying ea to both sides, we obtain ea {b) = /?(! gi 5(i))7(l g) 6(2)) which yields 

/3(1®-) = 7"^(1®-)- 

Similarly a = a ■ ^a-, 1 yields /3(— g) 1) = 7^^(— g" 1). Therefore /? satisfies ( |2^ ) if and only if 7^^ 



does. □ 
Corollary 4.4. For ^ a bialgebra, let /3 G K) and 7 G ^^(A^, /^). Then (3 G fsT). 



Proof. By Remark 4.2, ^ (^'^) is associative. Now ^ (^^) =7*/3^^-i so that, by Lemma [4.3| 



7*/3g Z2(A,A'). □ 

A map 7 G Hom{A g) A, is called iJ-balanccd if 7 : A ®h A K , va other words, for all 
a,a' G A, /i G i?, 

(23) 7(acr(/i) ® a') = 7(a g) cr(/i)a'). 
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Lemma 4.5. Let A be a bialgebra, H a Hopf algebra and a : H ^ A a bialgebra monomorphism. 
Let 7 e Zfj{A,K). Then 

(i) 7 is H -balanced. 

(ii) 7^^ is also H -bilinear and H -balanced. 

Proof, (i) By applying (|2l| ) with y = cr{h) and using iJ-bilincarity of 7, wc get that 7 is iJ-balanccd. 
(ii) For a, a' 6 A, h, h' £ H, wc have 

j-^{<T{h)a^a'a{h')) 
= 7"^ {^ih)a(i) a'(i)Cr(/i')) 7 (a(2) ® 0(2)) 7^^ (a(3) 0(3)) 

= 7"^ (f^(M(i)a(i) ® a(i)f^(/i')(i)) 7 (c^(/i)(2)a(2) ® a(2)C^(/j)(2)) 7^^ (a(3) 0(3)) 
= SHih)-/-^ia®a')eHih'), 

and so 7^""^ is iJ-bilinear. Similarly, write 7~"'^(acr(ft,)®a') as 7~"'^(aicr(/ii)(8)a']^)7(a2®(T(/i2)a2)7~^(a3(J 
a{h3)a'^), to see that that 7"^ is i/-balanced. □ 

Lemma 4.6. Let {A, H, tt, a) be a splitting datum and let 7 G Zfj(A, K). Then (A'^ , tt, cr) is aZso 
a splitting datum with A'^"'^ = A'^'^°^ as coalgebras in ^yT>. 

Proof. Since A'^ = A as coalgebras, in order to prove that (A'^ , H n , a) is a splitting datum we 
have to check that a is an algebra homomorphism and that tt is iJ-bilinear. Since both 7 and 7^^ 
are 7?-bilinear, for h,h' E H and a G A, we get 

a{h)-.ya = 7 (cr (/i(i)) ® a(i)) (T (/i(2)) a(2)7"^ (ct (/i(3)) ® a(3)) 

= 7 (1a ® a(i)) o- (h) a(2)7"^ (1a ® a(3)) = a (h) a. 

Similarly a-^tr (h) = atr (/i) . Thus a {h)-^a {h') — a (h) a [h') ~ a (hh') and tt (a (h) -j a -j a {h')) ~ 
TT {a {h) aa {h')) = hw (a) h' for all h, h' e g and a G A. Hence (A'', i/, tt, a) is a splitting datum. 
The corresponding map t-^ : A"' — s- R, as in 2.2.3 is given by 

(a) = a(i) crS'Tr (a(2)) = a(i)CrS'7r (a(2)) = r (a) . 

Using this fact, the last part of the statement follows by definition of the coalgebra structures of 
A"""" and A^"""" in ^yV as given in ^J. □ 

Now we offer an appropriate definition for a 2-cocycle v : R® K. 

Definition 4.7. A convolution invertible map v : R® R ^ K (where R (E) R has the coalgebra 
structure in 2.1 ) is called a unital 2-cocycle for {R, ^) if for $(0 G End(R Cg) R (g) R) from Lemma 



2.7, 



(24) {eR(g)v) *v{R(g)mR) = iv(E er) * {v {rriR R) ^ {^)} , and 

(25) v{~(g)lH) = eH = v{lH<E)~). 

We will denote by Zjj{R, K) the space of left ff- linear 2-cocycles for R. 
Given v G Z'^ {R, K), let R" be the coalgebra R G with multiplication defined by 

fnRv (v (g) niR ® v~^) '^'r.^r ^^'^ m^ju = ur. 



We will sec in Theorem 4.11 that H" is also a pre-bialgebra with cocycle. 



Lemma 4.8. Let {R,£,) be a pre-bialgebra with cocycle and (A = R=ff:^H, H,Tr,a) be the associated 
splitting datum. Let (j) : A (E) A ^ K be H -bilinear and H -balanced. Then for r, s,t G R, h € H, 
the following hold. 

(26) (/.[r#lff ® (s#lH)(i#lH)] = (/)(r#lH®si#lH), 

(27) 0(r#/i®s#lH) = (/) (r#lff ® /is#lff ) , 

(28) <t>{hr4^lH®s^lH) = ^{r^lH®S{h)s^\H). 
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Proof. The first statement holds since, using riglit _ff-Hnearity at the second step, 

= 4> ® ® uhEhS.) ^RtgiR {s (8) t)] 

The second equation follows from: 

0(r#/i®.s#lH) = (f'[{r#lH){lRm^s#lH] 

= (j}[r#lH®{lR#h){s4f^lH)] (0 iJ-balanced) 

= <^[r#lH®(/i(i).s#lH)(lfl#/i(2))] 

= 4> {r#\H ® /i(i)S#lH) Sh {h{2)) (0 i?-bilinear) 

Finally we check (H). 

(f>{hri^lH®s#lH) = 4>[{lR#h(i)){r#S{ht^2)))®s#lH] 

= SH (/> (/i(2))) ® s#1h] (i7-balanced) 

= cf>{r#S{h)®s#lH) 
6 0(r#lH®5(/i)s#l//). 

□ 

Now let BB{A) denote the set of if -bilinear iJ-balanced maps from A® A to K and C{R) the set 
of left iJ-linear maps from R® Rto K. The next proposition sets the stage for our first theorem. 

Proposition 4.9. Let {R,C) be a pre-bialgebra with cocycle and {A = RH^^H, H,Tr,a) be the 
associated splitting datum. There is a bijective correspondence between BB{A) and C{R) given by: 

fl : Hom{A ® A, K) — > Hom{R ® R, K) &?/ 7 n- 77? :~ J\r0r with inverse 
fl' : Hom{R ® R,K) ^ Hom{A ® A, K) by v va '.^ v o {R ® ^. ® eh), 
so that VA {xi^h y=f^h') = v (x (g) hy) eh {h') for each h E H,r, s £ R. 

Furthermore BB{A) and C{R) are both closed under the convolution product and and O' 
preserve convolution. 

Proof. Let 7 G BB{A) and we wish to show that 51(7) — IR is in C{R). By (p8|), we have 

7/j {hr ®i s) ^ -fR {r ® S (h) s) and thus 

7-R (^(i)*^ ® f^{2)s) =jR{r®> S'(/i(i))/i(2)s) = eH{h)jR{r ® s), 

and jR is left _ff-linear. Conversely suppose v G C{R) and check that il'{v) — va is i?-bilincar. 
For /i, ft,', l,m G H and x,y £ R^ 

VA ix#h) ® iy#h') (li^#m)] = VA {ki)X#l{2)h ® y#h'm) 

'^=" v(l(i)X®l(2)hy)eH{h'm) 

= Eh (0 vlx® hy) Eh (h'm) 

= Eh {l)vA{x#h®y#h')EH {m) . 

The fact that va is iJ-balanced follows directly from the definition. 
For r,s E R and h, m G H, we have that for 7 G BB{A), 

\Vt' {'^R)]{r4j^h ® s#m) = ^R{r ® hs)EH{'m) = 7(r#l ® hs#m) = 7(r#/i ® s^frn), 

and for w G C{R), 

[Vl{vA)]{r (g) s) = ® = u(r ® s). 
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Thus r2 and fl' are inverse bijections. For 7, 7' G BB{A), it is clear that 7 * 7' is iJ-bihncar and 
iJ-balanced. Also for v,v' g C{R), h € H , r, s ^ R, 

(v * v'){h^r)r ® /i(2)s) = u(/i(i)r(i) ® (/i(2)r(2))(_i)/i(3)s(i))w'((/i(2)r2)(o) ® /i(4)s(^)) 
= u(/i(i)r(i) /i(2)r[^\)S'(/i(4))/i(5)s'^^)i^'(/i(3)'^^o) /^(e)^'^^) 

= £h(^)(w * t/)(r (K) s). 

Thus BB{A) and >C(i?) are closed under convolution and it remains to show that fl, fi' are convo- 
lution preserving. First we let 7,7' € BB{A) and we check that * 7^ = (7 * 7')_r. For every 
x,y & R, we have 



ilR * 1r) {x<E)y) = IR {x ® y) 



iR 



(0) 



{x®yf^'' 



= (7 * 7') {x4j^iH ® = (7 * 7')i? (2; ® y)- 

Finally, to see that Q,' {v * v') = Vl'{v) * ri'(u'), apply SI to both sides and use the fact that VL is 
one-one and convolution preserving. □ 

In fact. Vt maps 2-cocyclcs to 2-cocycles. 

Theorem 4.10. Let a pre-hialgebra with cocycle with {A = R^^H, H^ir^a) the associated 

splitting datum. Then fl and fl' as above are inverse bijections between (A, K) and {R, K). 

Proof. First we note that clearly Vl, fl' preserve the normality conditions (|2^ ) and (^5|). It remains 
to show that fl,fl' are compatible with the cocycle conditions ( ^l|) and (|24|). 

Let V e Zjj (R, K). We wih show that for x,y,z e R, h, h' , h" G H, then the left (right) hand 
side of for j = va acting on x^h ® y#h' ® z^h" equals the left (right) hand side of ( |2^ ) 
applied to {x ®hiy ® h2h' z)e{h"). Thus va satisfies ( ^l|) if and only if v satisfies (|2j). (To see the 
"if implication, let 1 = h = h' = h" .) We start with the left hand side of ( ^l| ) with ^ = va- 



(29) 







{ea ® va) -^VAiA® mA){x#h ® y#h' ® z#h") 

VA ((y#/»')(i) ® (^#/»")(i)) "A ® (?/#/i')(2) (2#/i")(2) 



By (^3|) and the right i/-linearity of va, we have 



Thus, from the definition of fl' , expression ( |29| ) is equal to 

= V ® yf-Vd)-'^') ® (yg; (^(2)-^'0)) ^^"^ 



SHih" 



(2) 
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Then we use left if-linearity to obtain that 

= V {x(_2)h{i)V^'^^ ® X(_i)hi^2)vf}x)S {h(^i)) {hi^^-^h' z^^^^j v (^X(^o) ® (^^(0)) ((^(5)/^' 
= V {^{-2) (^(1)2/)^^^ ® (/i(2)/i'z)'^^) V (^^(o) ® (^(1)2/) |o> (,h2)h'zY'^^ 

and thus we have that (|2^) equals 

[{er (8) u) * w (i? (g) mfl)] (x (g) (g) h(2)h' z) eh {h") 
as claimed. Now we tackle the right hand side of ( |2l] ) for 7 — 1;^. 

(■UA £a) * WAlrnA «> A){x#h (g) y#h' (g) z#h") 
= VA ® [(2^#/i)(2) (y#/»')(2) ® ^#^" 

= V (a:(i) ® [(a;5o)#/»(2)) (2/(0) #^'(2)) ® 

But by ® , 



,(2) 



^(0) j 



(1) 



(2) 

(-1) 



(2) 



(3) 



(0) 



and 



(1) 
(1) 



(2) 



(-1) 



h{2}y 



(2) 



BO ( 



,(2)A 



(2) 

(-1) 



h{2)y 



(2) 



/l(4)/l' (g 

h^^)h' z Eh [h") 



Thus ua(A (g A (g) e^) * <8) A)(xi^h g) g) is exactly 

[{v g) Ei?) * {v [niR (g i?) $ (^)}] {x eg /i(i)y (g /i(2)/i'z) Eh ih") 
This proves the theorem. 



□ 



Recall from Lemma 4.6 that if (A, iJ, tt, cr) is a splitting datum with associated pre-bialgebra with 
cocycle (i?, and if 7 e Zjj{A, K), then (A'', if, tt, a) is also a splitting datum and has associated 
pre-bialgebra with cocycle (i?, rf) for some 77. The next theorem describes this relationship more 
precisely. 

Theorem 4.11. Let {R^S.) be a pre-bialgebra with cocycle, and let 7 G Z^(R^^H, K). Define 
: (g H by 

= w//7ij * ^ * *(7h^) = "HTfl * ? * (i? g) 7h^) Pi?(»fl- 

Lei (A := R^^H, H,Tr,(T) be the splitting datum of 2.2.H so that by \2.2.4 , the associated pre- 
bialgebra with cocycle is (i? g) if, ^(0 g) 9)), where 9 : R® K ^ R is the usual isomorphism. Then 
[A'' = {R^^Hy , H, TT, cr) is also a splitting datum whose associated pre-bialgebra with cocycle is 
{R®K,S^~fj^{9®9)). Furthermore {R'^,^^^) is a pre-bialgebra with cocycle isomorphic to (i?g)if, ^^^) 
via 9 and 

A-^ = [Ri^^nr = R^-i^.H. 
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Proof. By Lemma 2.3, ^{j]^^) = (^®7fl^) PR®R is convolution invertible with inverse '^{^r). 
For A := R^^H with associated pre-bialgebra with cocycle (i? (g) JsT, let {Q = R® K, () denote 
the pre-bialg ebra w ith cocycle associated to {A'' ,H, n, a). For x ® 1, y (gi 1 e Q, since t — R® eh 
from Section 2.2.4, multiplication in Q is given by 

{x®Ik) -q (2/<8) Ik) 

= t[{x#1h)-a-> (ij^Ih)] 

{R®eH)[{xmH)-A^ {y#lH)] 



(0) 



= [{iR ®mR® 7^^) A^gj^ (x ® y)] ® Ik 
= niRtR (x (g) y) (g) Ik- 
Furthermore, we have 

C (x (g) Ik ® y (g) Ik) 

= ^[(x#1h)-a- (y#lH)] 

(£fl^®i/) [(x#lff)-A. (y#lH)] 

(x(^) «xf_),xf^y(^)) ^(xg «x;i',^y(^))xf_\^yf_v.- ^.Jol) 

(xW®xf^xf^2/W)e(x 







7-R^ 



7-R 



(2) 
(0) 



n(3) „(2) 



' 1r ) PR®R (2^(0) y 



.(3) 



(3) 



[wi/7fl {H (g) 7^/) (x g) y) 

Cth (a; «) y) ■ 



Thus 6* , the isomorphism of coalgebras in ^yT) from Section 2.2.4, induces the structure of a 
pre-bialgebra with cocycle on the image 9{Q) and the image is exactly R"^"^. Moreover {R"'"-,(,-yii) 
is indeed a pre-bialgebra with cocycle as claimed, and C = ^7^- 
As in Section 



2.2.3 



we can consider the bialgebra isomorphism 
uj~^ : A"' Q#cH, a;"^(a) = r (a(i)) g) tt (a(2)) 



We have 



r ®\k ®h. 



Since : [QX) [R'^ Xir) is an isomorphism of pre-bialgebras with cocycle (see Section p.2.l| ) 
we get that 

is a bialgebra isomorphism. Therefore {6 ® H) : A''' — > R''"^^^^ H is a bialgebra isomorphism 



too. By the foregoing Mr^h 



□ 



Corollary 4.12. Let (A,H,T:,a) be a splitting datum, let {R,S,) be the associated pre-bialgebra 
with cocycle, and let 7 G Zfj{A, K). Then (R'^'^,^^^) is exactly the pre-bialgebra with cocycle 
associated to the splitting datum {A'^ , H,T:,a). 



Proof. As in Section 2.2.3, we can consider the bialgebra isomorphisms 

w : R#^H -5- A, uj{r ®h) = r -a cf{h). 
This gives a bialgebra isomorphism 



{Rif^H 



A'^ , oj''(r (g)h) = oj{r (g h). 
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Let a := 7 (w ® a;) . By Theorem [4.1l| , we have 

(i?#ei/)° = i?"«#e„„i?. 

We have 

aR {r ® s) — a {r ® 1h (Si s iSi 1h) = 7 (w ® w) (r ® ® s ® 1^) = j {r 1^ s) ~ (r ® s) 
so that aji = "fji whence 

Denote by (Q, C,) the pre-bialgebra associated to {A"^ , H, tt, a). We have 

Q = {A''y'°" = {AY"" = R 

so that Q=ff(^H = R® H as a, vector space. The isomorphism corresponding to the sphtting datum 
{A'' , H, TT, a) is given by 

Lo' : Q#^H A^, J{r ®K) = r -a-, cr{h). 

We have 

r-A-fCr{h) = 7 (''(1) ^(2) -A o-(/i)(2)7"^ (r(3) ® cr(/i)(3)) 

= 7 (^(1) «> cr{h{i))) r(2) -a o-(/i(2))7"^ (''(3) ® cr{h{3))) 

= 7 (^(i)0-(\i)) ^ 1a) r^2) -A cr(/i(2))7"^ (^(3)ct(/i(3)) 1a) 
= r -A a{h) 

so that a;' = oj^. Hence we get that 

Mr^h = {uj'y'u'' : R^'^#^_^^H^ Qi^cH 

is a bialgebra isomorphism. Now {R^'^^^^^H, H,tt' , a') and {Q^^H, H,tt' ,(t') are both splitting 
data where tt' : R ^ H H,Tr' {r ^ h) = ea (r) h and a' : H R ® H,a' (h) = Ir® h. 
Therefore, in view of | AM , Proposition 1.15], one gets that {R'"^,£,-ya) = (.QX) as pre-bialgebras 
with cocycle. □ 

We consider when the conditions which ensure associativity of R also hold for a cocycle twist 



Corollary 4.13. Let A = R#^H, 7 G Z'jj{A, K), and = R"ij=^^H as in Theorem \(.1J\ where 
V := f2(7) = 7fl and ^„ :~ ^-y^ . By Theorem S.'i, we have 

(a) ^ (z) t = e {z) t, for every z R (E) R,t E R if and only if $ (^) ~ Id-Riss, 
and, 

(h) (z) t — e (z) t, for every z E R ® R,t £ R if and only if $ (^^,) = Idj^®3 . 

— ^{u}jv) then (a) and (h) are equivalent. Conversely, if (a) and (h) both hold, then 



Proof. Suppose first that = (^{uhv). Since by Theorem [4 .ll] , '^{^v) = <i>(u//i^*^**(u^^)), 

and by Lemma $ is an algebra map, then clearly is the identity if and only if $(^) is. 

Conversely if $ (^^) = Id^ss = $ (^), then by Theorem |4!ll| , ^{uhv * ^{v^^)) = Id^gs. □ 

5. Cocycle twists for Radford biproducts of quantum planes 

5.1. Construction of the cocycle. Let F be a finite abelian group, let H = K\r] and let 
V = Kxi © Kx2 e be a quantum plane with Xi G V^^ as in Definition 3.2, Let A be the 

Radford biproduct B{V)^H. Suppose as well that 51(72 7^ 1, X1X2 — £, fff 7^ 1 and x[ = £ so that 
it makes sense for the scalars and a to be nonzero. 

Let X ■— Xi = X2^- Suppose that x(5i) = <Z is a primitive rth root of unity. Then Xi(.9i) — 
Xi(52) = q and X2(5i) = X2(92) = q~^- 

Although it is known that liftings of the coradically graded Hopf algebra A are isomorphic to 
cocycle twists of A, the explicit description of the cocycle in the most general setting has not been 
given. In this section we will describe this cocycle. 



COCYCLE DEFORMATIONS 



19 



Lemma 5.1. Let 7 e Hom(A ® A, K) be H-bilinear and H -balanced. If q^^*^ ^ then ^{x\x2 ® 

Proof. Suppose '){x\x2 ®x\x\) ^ 0. Since 7 is 7J-balanced, '){x\x-!2gi ®x\x2) = ^{x\x-!2 ® gix\x2) 
so that from the iJ-bihnearity of 7 then X"'~*(5i) = X^~^{9i)- Thus g-'"* — q*^^' and the result 
follows. □ 

Corollary 5.2. Let 7 e /v). // q^+^ ^ qi+\ then -i^^{x{x{ ® x\x\) = 0. 



Proof. By Lemma 4.5, 7 is iJ-balanccd, and 7 -'^ is iJ-bilincar and _ff-balanccd also. □ 



The next propositions will require the g-analogue of the Chu-Vandcrmonde formula Propo- 
sition IV.2.3] 



.r — k I \ r , 

q \ / q \ / q 

th 



r 



as well as the fact that when g is a primitive r root of unity and k < 

Also we will need the fact, which follows directly from the q-binomial theorem, that 

"-^ k(n-k) _ ' 



^''^ [kL.J Kk 



If n, i or ri — i is negative, we set ("j^ = 0. 

Proposition 5.3. Let A = R^H as above with R ~ Biy), H = K[T]. Define H-bilinear maps 
7i, i = 1, 2, from A to K as follows: ji ~ e on all x^x™ a;"x2 except that 

(33) 7,(a;r®<-™)=a,:, 

and 7i is then extended to A® A by H-bilinearity. 

The maps 71,72 lie in Z'jj(A,K) and furthermore these cocycles commute. 

Proof. We show first that 71 G Zj^{A,K). Note that by the definition, 7^ is if-balanced. By the 

definition of 7^, condition (|2|) holds and we check condition ( pi] ) for the triple 

It is clear from the definition of 71 that both sides of (|2l]) are unless j = / = s = so that the 



triple to check By Lemma |5.l| , both sides are unless i -\- k -\- 1 — r or i + k + t — 2r. 

Suppose first that i + k + t = r. Then the left hand side equals 71 {g^ €5 51)71 {x\ (8> Xix\) = ai and 
similarly the right hand side is ji{x\x'l (g) x\) = ai. 

Now let i + fc + 1 = 2r. Then the left hand side of (|l|) is 

E >nf^) ( ' ) li{xT^x{-nii{x\®4-"'4-^'-'''^) 
^-^m>o yrn J g-i \r — rnj ^ 



m>o \m I \r — m / 



® (k + t\ 2 © 2 



Similarly the right hand side of (^Tj) is 



E>ofO f ) 7iK®^r")7i(xrxrM®xi) 

^«>o \nj 1 \r - nj 



r 



q-^ \ / q 

The proof that 72 is a cocycle is analogous. 

We show next that 71 and 72 commute by applying 71 * 72 and 72 * 71 to Then 

71 * 72(2:1 2^2 ®x\x2) =ll{x\gi ®x\)-l2{xi ®x\) = q^'^ Si+k,rSj+Lraia2, 
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while 

72 * li{x{x^2 ® ^1^2) = 72(4 ® 512^2)71(2^1 ® 2:1) = q~'''-Si+k,r5j+i,raia2. 
Since for i + k ~ j + I ~ r then q^'^ ~ q-{r-k){r-i) _ q~'^^ ^ these expressions are equal □ 

Note that it is straightforward to check that is the _ff-bilinear map defined exactly as 7^ is 
but with ai replaced by — a^. Also note that the multiplication rrii : A^' (g) A^' -> A^' is the same 
as the multiplication on A except that for < m < r, 

Corollary 5.4. For i ^ i,j = 1,2, 7.; e Zjj{Af\K). 

Proof. Basically the same proof as that of Proposition shows that 7^ G Zjj{A^^ , K), i ^ j. For 
example, to show that 72 € Z]j{A^^ ,K), we test the triple .t^Xj, x^a^j, x^xl and find that the left 
hand side of (^ ) is 

V f ' ) 72(5^^®5lx2"")72(:^l2;^2®^^4""^i2;r'^+") 

= f ^ g('-™)S2(2:?* ®.9f.T;-™)72(a;>^o (»2;?+*4-'"xJ-''+'"). 

^-^rn \rnj ^\r — mj 

Clearly this is unless i = 0. li < k + t ^ r, then this expression is also clearly 0. If fc + 1 = r 
then = ai(l — (?[) and since gl commutes with X2 and 72 is 7?-bilinear, we have here too. 
Thus the left hand side is unless t = k = i = and the right hand side computation is similar. 



Thus the computation simplifies to that in Proposition 5.3, □ 
Corollary 5.5. For i,j = 1, 2 and i ^ j, then 7^ * 7^ e Zjj{A, K). 

Proof. By Proposition U, 7^ e Zjj{A,K) and by Corollary [sj we have G Zjj{A'^',K). The 



statement then follows from Corollary |4.4 Q 
Note that the multiplication m' in A'^^*^'' is the same as that of A except that for < /, m < r 

m'{x{x^ ® x\-'xl-n = 9"""«ia2(l - 5D(1 " 52)- 
Now we consider a cocycle which twists the multiplication of xi and X2. 

Proposition 5.6. Let A = R^^H as above with R = B{V), H ~ K[T]. Define the H-bilinear map 
7a from A ® A to K as follows: ja — £ on all x\x^ ® x'^x\ except that 

(34) 7a(x^'®xr) = (m)!,a"\ 

and 7a is then extended to all of A® A by H-bilinearity. Then 7a G Z'j^(A'^^*'^'^ , K). 

Proof. Let /3 denote 71 * 72 = 72 * 7i- We check that 7a G Zjj{A^ , K) by applying the left and 
right hand sides of equation to the triple x^x^, X2X2, a;*a;|. 
The left hand side is equal to: 

(1) („^,) ® <92haix\xi ® 2:Jx^-™x*-™x^) 

= '^^."E f') (™)!<ja"'?<'"'"^^*"'"^a(x^2®^?2:*-"x^-"x^). 

This expression is unless s = and I = m. li I ~ m + s ^ r this is clear, and if I — m + s = r, 
then we have 7a (2:2 ^ a;5^a;^~'"(a2(l — ,92))) which is by the i7-bilinearity of 7a. Thus : 



Ihs = (5,^o'5,,,o4+t,;+j (^^^ {iy.g{j)lqa'+K 
ide equals: 

^*,o<5.,o (^^ Ja{x'^ ® a;5^)7a(a;r''2;2 ^ x\) = (5,,o'5.,o Q (5j_fc+i,t(fc)!9(t)!ga''+*, 



Similarly the right hand side equals: 
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and it is an easy exercise to see that = {D giky.q{ty.q. Thus 7a G Zfj^A/^.K). □ 

We note that the cocycles ji and ja do not commute. For example, consider 



while 



aia. 

q 



la*ll{xl ^X2®xl)=(^^ Ja{gl ^X2®Xi)^i{x[ ^ Xi) = 

Similar examples show that 72 and 7a do not commute. 
Corollary 5.7. 7a e Zjj{A,K) and 7a G Z]f{A'''\K) for i = 1,2. 

Proof. Note that the are any scalars. If = then A''^*'^^ — A''^ and if ai = 02 = then 



Note that the cocycles 7^ G Z^{A,K) and 7^ (for a quantum line) were described in [GM, 
Section 5.3] in terms of Hochschild cohomology. 

Corollary 5.8. a := 7a * 71 * 72 g Z'jj{A,K). 



Proof. By Corollary U, 71 * 72 G and, by Proposition |^ 7a G Z'jj{A^^*^\ K). The 

statement then follows from Corollary |4.4 n 



We now describe the cocycle twist of A°' of A. We will need the fact that 7^ ^(a;2 ® a;i) = —a; 
this is easy to check. 

Proposition 5.9. Let a ~ 70*21*72 G ^ni^^ K). Then A"' is isomorphic to the lifting A{ai,a2,a) 
of A described in Proposition \3. jj . 

Proof. We must describe the multiplication -q, in the Hopf algebra A". Note that 

for n + m < r since each of the cocycles 7^ and 7a, and their inverses, are on x'^ (g) x\ when 

j + I < r. If n + 771 = r then 

x1 xT = a{gt ® gr)xla-\l <g> I) + a{x- ® xT) + gla'^ix" <E> x^) = a,(l ~ g^). 

Now note that by the definition of a, then However 

3^2 -Q xi = a{x2 ® xi) + X2X1 + g2gio:^^{x2 ® xi) = qxi -a X2 + a{l - g2gi) 

as required. Since multiplication is associative, this completes the proof. □ 

We summarize the action of the cocycle a ox\ A ® A. For < i, k,m,n,t < r we have 

(i) a{z (g) 1) = a{l (8) z) = e{z) for ah z e A. 

(ii) a(xf (g) a;™) = Sn+m,rai. 

(iii) a(x5" = 0. 

(iv) a{x\ (g) x\x^) = = a(a;ix| (g) a;™). 

(v) a(x^g.x?) = (5„,™(77i)!,a™. 

(vi) a(x^ (g) xj^x^) = (5i+m,r+fc(fe)g(A:)!qa''a2. 

(vii) a(xia;§ ® cc^*) = (5j+„,^+fc(")g(fc)!?a''ai. 

(viii) a(xix§ ® x^xl) = (5,+™,fe+t(z + 777 - r)!,(^^,)_^(^'::j^q**a*+™-'-aia2. 

Example 5.10. Let us describe a completely for the Hopf algebras of dimension 81 which were 
among the first counterexamples to Kaplansky's Tenth Conjecture. Here F = (c) is the cyclic group 
of order 9, 51 = c = 92, x(c) = q where q is a primitive cube root of 1, r ~ 3. By [Mas2|, there 
exists a cocycle a such that A{ai^a2,a) A°' . Here we supply 7 explicitly for and a nonzero. 



22 



ALESSANDRO ARDIZZONI, MARGARET BEATTIE, AND CLAUDIA MENINI 



From the preceding computations, we see that a = s except for the following cases: 
a{x2 <8) xi) = (l)!ga^ = a; 
a{xi (g) xf) = a{x^ (X) Xi) = at for i = 1, 2; 
aixl (g) xl) = (2)!,a^ = (1 + q)a'^- 

a{x\ ® xixl) = {iy.qaa2 = {2)lqaa2 = (1 + q)aa2; 
a{xlx2 ® x\) = {ly.qaai {2)\qaai = (1 + q)aai. 

a{xlx\ ® X1X2) ^ q^a^aia2 ^ q^aia2 = -{I + q)aia2; 

a{xlx2®xixl) ^ (0)!gQ^ 
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q^aPaia2 = 90102; 



a{xxx\ ® x\x2) = (0)!g g^a"aia2 = 90102; 

a(xia;2 (8)XiX2) (0)!qQ^ g^o°oi02 = q^oi02 = -(1 + 9)0102. 

a{x\x\ ®x\x\) = (l)!?^^^^ (^^^ q^aaxa2 = (2)!g(2)!gqooia2 

= (1 + qf'qaa\a2 = -(1 + 17)00102. 
In the last case, i + m = fc + < = 4, and in the four preceding cases, i + m = k + t = r = 3. □ 

We ask whether, in the example above, it is possible to find rj such that a ^ ~ e + t] + ^ + 

^ + • ■ • . This is the approach of [GM] to construct cocycles where it may be simpler to construct 
T]. Then one expects that 

, , / / w f \ (a — e)^ (a — e)"^ 

rj = Ina = ln[e + [a — e)) = [a — e) 1 • • • 

^ o 

and one checks (using a computer algebra system) that (a — e)^ = so that 77 = Ina = 
In {e + {a — e)) — {a — s) ~ J . The map t] is explicitly given by the table: 



ri{u (g) v) 


V = l 


Xl 


X2 


X1X2 


4 


X2 


2 


x\x2 


2 2 -1 

X1X2 


u=l 





























Xl 














Ol 














X2 

















02 











X1X2 





























x'f 





01 























X2 








02 





(l + |)a- 





(i + 9)002 








X\X2 





























x{x2 














(i + g)aai 














X1X2 


























— i00i02 



and = a. 

5.2. Pointed Hopf algebras of dimension 32. In the next example, we study three infinite 
families of pointed Hopf algebras of dimension 32. Let F be a finite abelian group of order 8 and 
let V £ ^-yT) be a quantum linear space as in Definition 3.2 with = 2, i = 1,2. For each 
of the F, V listed below, the families of pointed Hopf algebras obtained by lifting the Radford 
biproduct yield infinite families of non- isomorphic Hopf algebras Section 5]; family (F2) is 
also mentioned in [p|. We have shown by the above explicit computation of the cocyclc that the 
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pointed Hopf algebras in each of the famihes of hftings are isomorphic to a twisting of the Radford 
biproduct. The same resuh, without an exphcit formula for the cocycle, can also be found as 



follows. In view of [EG, Theorem 3.1] each element in a family (Fi) is of the form A{Gi, Vi, Ui, B)* 



for some datum {Gi,Vi, Ui,B). The construction of the Hopf algebra A{Gi,Vi, Ui,B) can be found 



at the beginning of [EG, Section 2]: it can be obtained by applying [AEG, Theorem 3.1.1] to 
the datum ((C[Gi] k f\ViY ,Ui). Now, by construction, for each B,B' the Hopf superalgebras 
(C[Gi] K /\ViY'^ and (C[G'i] k hViY^ are twist equivalent by twisting the comultiplication. Thus, 



by [AEG, Proposition 3.2.1], A{Gi,Vi,Ui, B) and A{Gi,Vi,Ui, B') are also twist equivalent by 
twisting the comultiplication. Thus their duals are quasi-isomorphic in our sense. 

Etingof and Gelaki have shown in ]EG| , Corollary 4.3] that the families of duals contain infinitely 
many quasi-isomorphism classes of Hopf algebras. 

The three families are the pointed Hopf algebras of liftings of biproducts corresponding to F, V 
as follows: 

{Fl) r = Cs = (.9), the cyclic group of order 8 with generator g and 77 G F with ri{g) = q, q a 

4 4 

primitive 8th root of unity. V = Kxi © Kx2 where xi G and X2 E Vjs . 
(F2) F = Cs = (g), and 77 G f as above. V = Kxi © Kx2 where xi G vf and X2 G V^^ ■ 

(F3) F = C2 X C4 where C2 = (<?) and C4 = {h). Let 77 G f be defined by 7/(g) = 1, ri{h) = q 

2 2 

where g is a primitive 4* root of unity. V = Kxi ® Kx2 where xi G V,^ and X2 G VjJ^ . 

Example 5.11. Let A = B{V)#K[T] for any of the V,V in (Fl) - {Fi). Let H denote K[T] and 
let ai, a2, a E K. Define 7 = 7(01, 02, a) : A (g) A — ¥ K by '){x\x2 ® x\x2) = if 7 + j 7^ fc + /, 

7(1 ® -) = 7(- ® 1) = e; 

^[xi®Xi)^ai] ^{x2®xi)=a] ^{xi®X2)^0] 

"f[xiX2 ® X1X2) = —aia2, 

and extend 7 to A ^ by ff-bilinearity. Then by Proposition \i).9[ 7 G Zjj {A, K) and A'^ = 
A{ai,a2,a). 

We note that for 7 to be a cocycle we must have that 7(^1X2 ® X1X2) ~ —0102; to see this, 
apply ( |2l] ) to the triple xi, X2, a;i2;2. □ 

Remark 5.12. In general, for 7 G Zjj{A, K), the convolution inverse of 7 will be a cocycle for , 



but need not be a cocycle for A. In Example 5.11 , however, 7 ^ is also a cocycle for A with the 
scalars 0^,0 replaced by their negatives. 

Remarks 5.1 3. (i) Let B := A(ai, 02, a) be a lifting of the Radford biproduct A = B{V)#K[r] , 



from Example 5.11 . Then B gives a splitting datum (B = R=f/=^H, jJ, tt^ , g) where a is inclusion. 



H = if [F] and R = with the projection ttb as described in Example 3.4. From the definition 



of the cocycle ^ in 2.2.3 , we have that (taking if-bilinearity into account) ^ = e (g) e except for the 
following: 

^{Xi (g) Xi) = a.,{l - g1); £_{x2 ® Xi) = a(l - ^1.92); 

(,{xiX2 ® X1X2) = 7r(a;i(-a;i.T2 + a(l - gig2))x2) = -0102(1 - gl){l - gl). 
By (||), the inverse to ^ is given by 

^""^ = — ^ on Ri ® Rj for i + j < 4 and ^~^{xiX2 <Si X1X2) = ^{xiX2 ® xiX2)- 
Since the image of the cocycle ^ is in the centre of B, then R = B'^°^'^ is associative. 



(ii) For the cocycle 7 defined in Example 5.11, R^^H = K(F)''#e^iJ, so that we have splitting 
data {R^^H, H, tts, cr) and {B{V)^#g^H, H, tta, cr). Since 7''=^(xi g) X2) ~ 0, then ?7iA(a;i (8) X2) = 
771^7 (xi ® 0:2) and TTA = TTB, i3(y)'^ = i?, and ^ = £-f = IB^ * {H (E) ^]^^)pmR- 

Let A denote the total integral from H to K; A{g) = Sg,i- Then 

A o ^ A o ^ A o {-fji * {H ® j^^)pr^r) = {jr * (A ® 7~^)/0/?®fl)- 
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In family (Fl), pr^r{z) = 1 (i) z only when z = \ ®1. Thus here A o tt o niB = A o ^ = 7^. 

However in families {F2) and (F3), we have pri^r{z) = 1 ® z fox z ~ 1®1 and also for 
z = X1X2 ® X1X2 so that 

A O ^(2:1X2 ® X1X2) = ^r{xiX2 ® X1X2) + ^R^{xiX2 ® X1X2) = 2^r{xiX2 (8) 2:1X2). 

One can also see this directly by applying A to ^ as described above. 

(iii) In Example ^.1CI| , (A (g) 7"^) o pr(^r is nonzero only on 1 (g) 1 since PR<i^R{x\x2 (g) xjx™) = 
^i+j+k+m ^ ^ ^fe^m and i + j + fc + m < 8. Thus A o ^ = 7. □ 

Even though A o ^ might not be a cocyclc for R above, A o ^ is still a left if-lincar map since A 
is ad-invariant and ^ is left _ff-linear with respect to the adjoint action. The next lemma will appl y 



2.1 



to this situation. Coalgebras and the braiding in the category '^y'D are described in Section 

Lemma 5.14. For H a Hopf algebra, let R be a coalgebra in ^yD. Let c be the braiding in . 
Suppose that x, y are elements of R such that 

(i) cAr{x) = Ar{x) and cAR{y) = AR{y), 

(ii) (i? (g) R){Ar (g) Ar){x ® y) = {Ar ® Ar,){x y). 

Let UJ G Hom{R ® i?, K) be left H -linear and let ^ : R® R ^ R be a linear map. Then 

{uj * ^)(.T (g) y) = * uj){x (g> y). 
Proof. Set z .T g) y. Recall that cr^r^r^r = (i? g) c g) i?) (c g) c) (i? g) c g) i?) and thus 

■ Z^^^ ® zgj = CRc^R^RcM^^^^ ® Z^^^) 

= {R®c®R){c®c){R®c®R){z'^^'^ ®z^'^^) 

= {R® c® R) {c® c) [R® c® R) {R® c® R) {Ar (x) ® Ar {yj) 

= {R®c®R){c®c){AR{x)®AR{y)) 

= {R ® c ® R) {cAr {x) ® cAr (y)) 

= {R®c®R) {Ar{x) ® AR{y)) = z'-^'^ ® z'-^K 

Hence 

{w * fi) (z) = u;(z(i))a.(z(2)) = w{z['\^ ■ z('^Uz[l]) 

= eff(zW ^)«;(z(2));,(z«) = ^(z(2));,(;,(i)) 
= (p, * w) (z) . 

□ 

For example, ii V = Kx © Ky is a quantum linear plane and R — B{V), then the conditions of 
Lemma 5.14 apply to x, y with p = mR. In the examples of dimension 32 in this section, is the 



identity on R® R and cAr ~ Ar. If uj is convolution invertible and left i/-linear, then 



UJ * niR * UJ ^ = iriR. 



In particular, uj could be A o ^. 



5.3. Some general remarks. Given a general splitting datum {A = R^^H, H, tt, a), one problem 
is to find oj G Zjj{A,K) such that {A'^,H,tt,(t) is a trivial splitting datum, in other words, such 

that £,uirt is trivial. 

As in Remarks |3.13| , from the definition in Theorem 4.11 , if = e, then: 



C = UhUJj^^ *{H ® UJr) PR0R = UhUJj^^ * ^'(w_r), 

and then for any / E Hom(H,K), 

/ o ^ = uj-^ *{f ® ujr){pr^r), 

so that 

(35) / o ^ = oJr^ if and only if (/ ® lor) pr^r = er® er. 
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(36) 




'R®R is the convolution inverse to 



"^{ujii) = {H (g) ujr) pr(sr, it is not clear if the equalities in (|35| ) and ( p6[) are equivalent. 

If / above is an integral A for wc know from the examples of dimension 32 that A o ^ is not 
always a cocycle. Nevertheless, if it is a cocycle, then twisting by A o ^ yields a trivial splitting 
datum. 

Proposition 5.15. Let tt, c) be a splitting datum with associated pre-bialgebra (i?,^). Let 

X be a left integral for H in H*. Then 

^*[{H (E) A^) pr^sr] = uhX o ^. 

For A = Rjf^^H, if ^ ^ Zjj{A,K) such that Xo ^ ~ ln^y then ^-y^ is trivial and {R^^Hy — 



R'<"ifH. 
Proof. Wc have 

^*[{H® A^) pr^r] = {niH ® A0(^ ® Pr®r)^r®r S {H ® X) Ah£. = u„X^. 
If 7 e Zjj{A, K) such that A^ = 7j^\ then £, * {H ® j^^) pr^r = i * {H ® XO Pr^r = uhX^ = 



UH"fR^ so that 



= uhIr *i*{H ® 7^/) pr(i,r = uhIr * UHljf^ = uhSr^r 



□ 



The properties of A^ will be investigated in a forthcoming paper. 
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